RIEMANNIAN MANIFOLDS WITH STRUCTURE GROUP PSU(3) 

CHRISTOF PUHLE 

Abstract. We study 8-diinensional Riemannian manifolds that admit a PSU(3)- 

I structure. We classify these structures by their intrinsic torsion and characterize the 

(^ corresponding classes via differential equations. Moreover, we consider a connec- 

P\J tion defined by a 3- and a 4-form that preserves the underlying structure. Finally, 

►^^.^^ we discuss the geometry of these manifolds relatively to the holonomy algebra of 

d this connection. 
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> 1. Introduction 
in 

O In the first half of the last century several mathematicians investigated the action of 

^ the general linear group on the space of alternating trilinear forms (see [11, 17, 18]). 

• Their results can be summerized as follows (cf. [12]): If a 3-form p g A^IR"* lies in 

(^ an open orbit under the natural action of GL (n) , then n- 6,7,8 and the stabilizer of 

O p in GL ( n) is a real form of one of the complex groups 

^ — I 

> SL(3)xSL(3), Gz, PSL(3) 

/S respectively. Therefore, if an oriented Riemannian manifold [M", g) admits a global 

C^ 3-form p that lies in an open orbit, its dimension is n = 6,7,8 and there exists a G- 

structure on (M", g) with G one of the compact groups 

SU(3), G2, PSU(3) 

respectively. In contrast to the first two cases, the latter is, apart from the study in 
[12, 15,20,21], largely unexplored so far. 

One particular 3-form lying in an open GL (8) -orbit is familiar to most theoret- 
ical physicists. Starting with Gell-Mann's Eightfold Way [10] - a first classification 
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2 CHRISTOF PUHLE 

scheme for elementary particles which led to the quark model - an important alge- 
braic role in particle physics is played by / g A^IR^ whose non-zero components 
are 

1 __V^ 

/l23 = 1, /l47 = -/l56 = /246 = /257 = /345 = -/367 = -. /458 = /678 = — • 

Up to a factor, these components are the structure constants, 

[A,,Ay] = 2iJ^ fijicA.k> 

k 

of SU(3) with respect to the Gell-Mann matrices A/, a generalization of the Pauli 
matrices which is used to represent the 8 types of gluons that mediate the so-called 
strong force in quantum chromodynamics. From the above point of view, / lies in 
an open orbit under the action of GL(8) and its stabilizer is PSU(3) (see [20]). 

Firstly, we study general aspects of PSU(3) -structures [M^,g,p]. To begin with, 
we follow the method of [6] and classify these structures with respect to the alge- 
braic type of the corresponding intrinsic torsion tensor F. There are six irreducible 

PSU (3) -modules Wi Wq in the decomposition of the space of possible intrinsic 

torsion tensors (see theorem 2.1), 

TeWi9...eWe. 

Thus, there exist 64 classes in this scheme. Up to [15], the only PSU(3) -structures 
studied were those with T eWe . Indeed, in our characterization of the 64 classes 
by differential equations in terms of p (see theorem 4.2) we conclude that the case 
r e ^ is equivalent to 

dp = 0, dp = 0, 

the general assumption in the considerations of [12,20,21]. The so-called restricted 
nearly integrable SU(3) structures of [15] correspond to the case F e F^ ® #2 ® %• 
Via PSU (3) -invariant isomorphisms, we identify the projection of F onto ^1 ® . . . ® ^ 
with a pair (T'^, F^) of differential forms on (M^, g, p), a 3-form T^ and a 4-form F''. 
Restricting the considerations to PSU(3) -structures whose intrinsic torsion is of type 
^1 ® . . . ® ^, there exists a uniquely determined metric connection V^ that preserves 
the underlying structure (cf. theorem 5.1), 

g[V'xY,Z) = g[V^^Y,Z) + ^T'iX,Y,Z) + [[Xjp)jF')iY,Z). 

The torsion tensor IT'^ of this so-called characteristic connection realizes different 
algebraic types (see corollary 5.1). For example, ^'^ is totally skew- symmetric if 
and only if F'^ = 0, that is if F g Fi ® F2 ® W3, 3'^ is cyclic if and only if F'^ = 0, or 
equivalently if F e 1^ ® ^. The V^-parallelism of .^'^ is equivalent (see proposition 
5.1) to 

V''F'' = 0, V''F'' = 0. 

IVloreover, we compute necessary conditions for T^ , F'' and ^'^ , the curvature oper- 
ator of V^, in the case of V'^^'^ = (see corollaries 5.2 and 5.3). 
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Secondly, our aim is the construction and classification of PSU (3) -manifolds with 
V^-parallel 3''^ ^ 0. These are Ambrose-Singer manifolds, i.e. 

and the holonomy algebra [)0 [ (V^) of the characteristic connection is one of six sub- 
algebrae of p5u(3) (see lemma 6.1 and propositions 6.1 and 6.2). We then assume 

dim(()o[(V'^))>l. 

For each of the remaining four holonomy algebrae we describe the admissible ten- 
sors ^'^, Sk^ and discuss the respective geometry. Summerizing these considera- 
tions, the main classification result is that one of the following holds: 

i) {M^,g,p) is of type #i ® ^ ® ^ (see theorem 6.2) and admits a Spin(7)- 
structure preserved by V^ (see theorem 6. 1) . Moreover, if (M^, g, p) is regular, 
it is a principal S^ -bundle and a Riemannian submersion over a cocalibrated 
G2-manifold of certain type (cf. theorems 6.3, 6.4, 6.5 and 6.6). 
ii) [M^,g,p) is either of type W-^ and ScaF > or of type W^ and Scal^ < (see 
theorem 6.7) . In each of these two cases, M^ is locally isomorphic to a unique 
homogeneous space with isotropy group SO (3) (cf. theorem 6.8). 
Conversely, we can reconstruct the PSU (3) -structure in many of these situations 
(see theorems 6.1, 6.3 and 6.8, together with example 6.1). 

The paper is structured as follows: In section 2 we study the algebra related to 
the action of the group PSU(3). We then classify PSU (3) -structures [M^ ,g,p) with 
respect to their intrinsic torsion in section 3. Section 4 is devoted to the characteri- 
zation of these classes by differential equations in terms of p. We develop the notion 
of characteristic connection and study its torsion and curvature in section 5. In the 
last section we discuss the geometry of M^ relatively to the holonomy algebra of this 
connection. 

2. The GROUP PSU (3) 

We first introduce some notation. IR^ denotes the 8-dimensional Euclidian space. 
We fix an orientation in R^ and use its scalar product to identify IR^ with its dual 
space [R^* . Let (ei, . . . , es) denote an oriented orthonormal basis and A^ the space of 
A:-forms of IR^. The family of operators 

oi : A*^ X a' - A^+'-2^', 
o-y(a,j6):= Ya (e/iJ...je/^jaJ A|e,ij...je/^.j;6j, (To(a,/3) := a A j6 

allows us to define an inner product and a norm on A^ as 



(a,)6):=crfc(a,)6), lla|l := V'crfc(a,a). 

The special orthogonal group SO (8) acts on A'^ via the adjoint representation p. The 
differential 

p* :50(8) ^5o(a^' 
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of this faithful representation can be expressed as 

p* [(i)) [a] = a I {(J), a) 

by identifying the Lie algebra so(8) with the space of 2-forms A^. 

The 8-dimensional, compact, connected Lie group PSU(3) c S0(8) can be de- 
scribed as the isotropy group of the 3-form 

(•) p = 6246 - 6235 " ^145 " ^136 + (^12 + ^34 " 2 ^56) A gy + n/S (^12 - 634) A B^. 

We use the notation e^^ / . for the exterior product 

e/j A...Ae,y 

There are three PSU(3)-equivariant operators defined on A^, namely the Hodge 
operator * : A*^ ^ A^"*^, o-+ : A* ^ A^+^ and a-:A^^ A^"\ the latter two defined 
by 

a+{a):=ai[p,a), a-{a):=a2[p,a). 

Using these, we decompose A*^ into irreducible PSU(3) -modules of real type. First 
we restate the results of [20] regarding A\ A^, A^. The space A^ is an irreducible 
PSU (3) -module and 

A^ = A8®A20 
splits into the two irreducible PSU (3) -modules 

a2 : = {o-+ (a K G A^} , A^o := {cu G A^ I cu A * p = 0} . 

The space of 3 -forms 

A^ = A^ ® Ag ® A20 ® A27 
decomposes into four irreducible PSU(3) -modules: 



A^ 

-'^20 

A^ 

■'^27 



{t-p\teR], 



{*(wAp) \ojeAl], 
{a+{iD) |(X»G A20}, 
{r G A^ I r A p = and T A *p = O} . 
The subscript indicates the dimension of a module. We then define 

A^ := {0-+ (T) I r G A^} , A\, := {a+ {T)\Te hi,] . 

Lemma 2.1. The operators a +, a - satisfy 

i) o-_o(r+(a = 6^ V^gA\ 
ii) a+{(x))=Q V CO G A\, 
iii) a-oa+{T)=&T VTgA^, 
iv) a+oa-{T) = \2T V T g A^q, 

v) o--oo-+(r) = i6r vrGA27, 

vi) o--(F) = VFg*A8®*A27. 
Therefore, a+ is a PSU(3) -equivariant isomorphism between A? and Af for / = 8, 27 
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Proposition 2. 1 . The decomposition 

A^ = Ag ® A27 ® *Ag ® * A27 

splits the space ofA-forms o/IR^ into irreducible PSU(3) -modules. 

A direct computation yields 

Lemma 2.2. Let T e A^ be a non-zero 3 -form. The equation p aT = holds if and 
only ifT £ A^ ® A27. Moreover, 

pj[pAT) = lOT VTgA^. 

Lemma 2.3. LetF eA^ bea non-zero A-form. The equation pjF = holds if and only 

ifF G Ag ® A27 ® * A27. Moreover, 

Pa(pjF) = 10F VFg*A8. 
The Lie algebraso (8) splits into psu (3) = Ag spanned by the forms w/ :- e, j p, 

(^1 = -636 - 645 + ^27 + N/3e28. ^2 = ^46 " ^35 " ^17 - n/S gis, 

^3 = ei6 + ^25 + ^47 - VSe^s, ^4 = -^26 + ^15 " 637 + \/3 638, 

C05 --eu- ezs - 2 Cgj, coq = -^13 + ^24 + 2 657, 

a)7 = ei2 + e34-2e56, ws = Vs eu - V3 e^i, 



and its orthogonal complement m = A2o- We now decompose IR^®m into irreducible 
PSU(3) -modules. Let us define the PSU(3)-equivariant linear maps 

OiilR^'^m^ A^, <I)2:D?*'®m^ A"^, 

eiiA^^lR^'^m, e2:A^^D?*'®m 

by assigning 

^iiXiS)a)):= X ACD, (^2iXiS)a)):=[Xjp) AM, 

©1 (T) := -- ^ e, ® pr^ (e, j T) , ©2 (F) := - ^ et ® pr^ ((e, j p) j F) , 

'^ / i 

where pr^ denotes the projection onto m. 
Lemma 2.4. IfX e U^ andFe * Ag ® * A27, then 

(Xjp)jFGm. 
Lemma 2.5. A^ is not contained in the image o/Oi . 

Proof Suppose there exist X g [R^ and a> g m such that p = X a a>. It follows that 

pA*p = (XAa>)A*p = XA(a>A*p) = 0, 
a contradiction. D 

Lemma 2.6. The image of^i is Ag ® A2Q ® A27 and the maps Oi o 0^, O^ o ©2 satisfy 

i) Oio0i(r) = -ir vfga^. 
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ii) <Dioei(r) = -r vtga^o, 
iii) <Dioei(r) = -|r vtga^^, 

iv) <Dioe2(F) = VFg*A^®*A^7. 

Lemma 2.7. O2 is surjective and the maps O2 o Q^, O2 o ©2 satisfy 
i) $2 01(7) = io-+(r) VTgA^, 

ii) cD2oei(r) = -icr+(r) vreA^^, 

iii) <D2 082(7) = -18 F VFg*A8, 
iv) <D2O02(F) = -8F VFg*A27. 

Let us introduce the following subspaces of IR^ ® m: 

Wi:=&i[Al], r2:=ei(Ay. r3:=ei(Ay, 

F4:=e2(*A^), r5:=e2(*A^7), r6:=Ker(Oi)nKer(02). 

Since there exists only one 70 -dimensional irreducible PSU(3) -module in the de- 
composition of K^ i8> m, we deduce the following using lemmata 2.6 and 2.7: 

Theorem 2.1. The space [R^ i8> m splits into six irreducible PSU(3) -modules: 

K*' ® m = Fi ® F2 ® F3 ® ^4 ® ^5 ® Fe . 

3. The sixty-four classes of PSU (3) -structures 

We define a PSU (3) -structure/manifold as a triple (M^, g, p) consisting of a Riemann- 
ian 8-manifold [M^, g) and a 3-form p such that there exists an oriented orthonor- 
mal frame (ei,...,e8) realizing (•) at every point of M^. Here and henceforth we 
identify TM^ with its dual space TM^* using g. We will call (ei, . . . , es) an adapted 
frame and p \he fundamental form of the PSU(3) -structure. 

Consider a PSU(3) -structure (M^, g, p). We denote by (ei, . . . , es) a corresponding 
adapted frame from now on. The connection forms 

oj^ij-.^giV'euej) 
of the Levi-Civita connection V^ define a 1-form 

\ '■J)l<i,j<8 

with values in the Lie algebra 50 (8) . We define the intrinsic torsion T of (M^, g, p) as 

r:=pr^(n^). 
Since the Riemannian covariant derivative of the fundamental form p is given by 

v«^p = p.(r)(p), 

PSU(3) -structures can be classified by the algebraic type of T with respect to the de- 
composition of K^ i8> m into irreducible PSU (3) -modules (cf. [6]). Applying theorem 
2.1, we split Fas 

r = ri + r2 + r3 + r4 + r5 + r6, 
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to the effect that 64 classes arise. Via the maps ©i and &2 (see section 2), we identify 
the component Fi + r2 + T3 with a 3-form 

T = Tq + T2Q + T'27 G Ag ® A20 ® A27 

on [M^, g, p) and r4 + T5 with a 4-form 

F' = F^ + F^-i G * A^ ® * A^7. 

We will call T^, F^ the characteristic forms of (M^, g, p). PSU (3) -structures with F = 
are called integrable. We will say that [M^, g, p] is of type Wi^® ...®Wi.ii 

IeWi,®...®Wi.. 

Moreover, [M^ ,g,p) is of strict type Wi^9...9Wij if the structure is of type Wi^9...9 Wt- 
and Fjj. 7^ for A; = 1, . . . , j. 

4. Differential equations characterizing the classes 

To begin with, we compute the differential and the co-differential of the fundamen- 
tal form p. The differential da of a A;-form a on (M^, g, p] is given by 

da = J^Ci A Vf.a. 

Using the formula for the Riemannian covariant derivative of p, we obtain 
dp = Y, Si A g* (F iet)) [p] = J^eiA ai (F (e,) , p) =: Hi (F) . 

The map 

Hi : Dl*^ ® m ^ A^ 

is PSU(3)-equivariant. Moreover, we deduce the following: 
Lemma 4.1. FIi is surjective and the maps 111 o 0^, rii o ©2 satisfy 

i) nio0i(r) = c7+(r) vrGA>A^7, 

ii) Hi 002(F) = -18F VFg*A8, 
iii) nio02(F) = -8F VFg*A27. 

The CO -differential da of a A;-form a on (M^, g, p) can be computed via 

da = -^g; J vf.a. 

i 

Again, we use the formula for V^p: 

dp = -Y, etJ g* (F iei)] (p) = - ^ e/ j 0-1 (F (e,) , p) =: Ylz (F) . 



The map 



n2 : K** ® m ^ A^ 



is PSU(3)-equivariant. A direct computation yields here 
Lemma 4.2. 112 is surjective and the maps 112 o ©i, n2 o ©2 satisfy 

i) n2o0i(r) = -fT_(r) vfga^^, 
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ii) 02 62 (F) = -3 o-+(p J F) VFg*A^. 

We now summerize the results obtained so far. 

Theorem 4.1. Let [M^, g, p) be a PSU(3) -structure with characteristic forms 

T" = T^ + T20 + T27, F" = Fg + F27. 

The differential and the co-differential ofp are completely determined by T'^ and F'^: 

dp^a4T^+T^,]-l8F^-8F^„ 5p = -a-[T^,]-3a+[pjF^). 

Based on this theorem, we now deduce differential equations characterizing the 
algebraic type of r. With the aid of lemma 2.1, we compute 

6pjp = a- {6p) = - ia-oa-) {T^o)-3ia-oa+) [pjF^) = -l8{pjF^), 

a+ [5p] = - (0-+ oo-_) [T^^]-2,{a+oa+) [pjF^] = -12 T^^ 

for the co-differential of the fundamental form. We then examine the differential of 
the fundamental form in a similar way: 

a- [dp) = [a- o a+) [T^ + T^^) - I8a- (Fg") -8a- [F^^) 

— 6Tg+ 16T'27, 

a- {*dp) = a- (*o-+ (Fg + 127]] - I8a- {*F^]-8a- (*F|7) 

= -18o-_(*F8^)-8(r_(*F|7). 

Using lemma 2.3, we additionally obtain 

p A (pjdp) = p A (-ISpjFg'') = -ISOFg^ 

p A (pj * dp) = p A (pj * a+ [Tq)) = 10*0"+ [Tg] . 

All these equations together with lemma 2.3 prove 

Theorem 4.2. Let[M^,g,p) be aPSU (3) -structure. The following equivalences hold: 



{M^,g,p) is of type 


p satisfies 


^2 ® F3 ® F4 ® F5 ® We 


pj * dp = 


^1 ® Fa ® ^4 ® Fs ® We 


65p = (5pjp)jp 


Fi ® ^2 ® ^4 ® ^5 ® We 


a- (10 dp-*[pA (pj * dp))) = 


Fi ® F2 ® F3 ® F5 ® We 


5pjp = or p_idp = 


Fi ® ^2 ® Fa ® ^4 ® We 


a- (10 * dp - * (p A (pjdp))) = 


F ® r4 ® F ® We 


a- [dp) = 


Fi ® ^2 ® F3 ® We 


a-[*dp) = 


Fi ® ^3 ® ^5 ® We 


5p = 


Wi®W2® We 


10 * dp = p A (pj * dp) 


^2 ® F4 ® We 


10dp = pA[p_idp) 


W2®We 


dp = 


We 


dp = and 5p = 
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Moreover, lemma 2.2 enables us to express T'^ and F'^ in terms of p as follows: 
Proposition 4.1. Let 

T' = Tg + T20 + T27, F' = Fg + F27 

be the characteristic forms of a PSU(3) -structure [M^, g, p) . Then 

^^^-^P''^P^'^P'> = -^P''^^P^P'>' ^27 = -I [dp- (rAT8 + T^7] + '^8 F^]- 

5. The characteristic connection 
Let V be a metric connection on (M^, g, p). Its torsion J', viewed as a (3, 0) -tensor, 

5- (X, y, z) = g (VxF - VyX - [X, y] , z) , 

is an element of the space 

1 := {T e A^ ^ A^ ^ A^ \T iX,Y, Z) + T iY,X, Z) = 0} . 
1 splits into three irreducible 0(8) -modules (see [3]), 

T = Ts ® T56 ® T16O. 

where 

1s:={Tel\3VeTM^:5-iX,Y,Z) = g{giV,X)Y-giV,Y)X,Z)}, 

T56 := A^ is the space of 3-forms on [M^,g,p) and 

T160 := {5- G T I Gx.Y,z^ iX, Y,Z)=0 and Zi^ [X, a, a) = 0} . 

Here &x,y,z denotes the cyclic sum over X, Y, Z. We will say that S' is totally skew- 
symmetric US' e T56. If 5" G Ts, we will call 3' vectorial. We will furthermore say 
that 3' is cyclic if ^ g Is ® Tieo- 

We will now consider the metric connection V on (M^, g, p) defined by 

g{VxY,Z)=g[vlY,Z] + ]^T{X,Y,Z) + [[X^p]^F]{Y,Z), 

where F g Ag ® A2Q ® A27 and F g * Ag ® * A27. Since 

©x,y,z((^jp)jF)(i'.Z)=0 
holds for all F G * Ag ® * A27, the torsion tensor ^ of V is given by 

3-{X,Y,Z) = T{X,Y,Z)-[[Z^p]^F]{X,Y). 

We compute 

&x,Y,zSr{X, Y,Z) = ex,Y,zT[X, Y,Z) 

and 

Y^3-iX,ei,ei)=Y^[[eijp)jF)ieuX) = 3[pjF)iX). 
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Therefore, the projection J'iqq of ^ onto Tieo is given by 

5160 iX, Y,Z)=J- iX, Y,Z)-^ g[[pj F) iX) Y - (p j F) {Y)X,Z]-T {X, Y, Z) 

= -((Zjp)jF)(x,y)-^g((pjF)(X)y-(pjF)(y)x,z). 



We then compute 



^2 4 II , , ||2 36 II ||2 



^^i6o(e/,ey,efcr = -||lOF-pA(pjF)f + -||pjFf. 

i,i,k '^^ ^^ 

These equations together with lemma 2.3 prove 

Lemma 5.1. The torsion tensors' ofV vanishes ifandonlyifT - andF - 0. More- 
over, 3' ^Q is 

i) totally skew-symmetric if and only ifF - 0. 

ii) cyclic if and only ifT = 0. 

iii) not vectorial. 

iv) an element of %iqq if and only ifT = and F e * A^j. 

The connection forms 

(^ij:=g{Vei,ej] 
of the connection V define a 1-form 

Since 

mx) = nHx) + ^ (Xj t) + ((Xjp)jF), 

we see that H takes values in the Lie algebra so (8). We project onto m: 

pr^ in iX)) = r (X) + ^ pr^ (Xj T) + pr^ ((Xj p) j F) 

= r6(X) + ^pr^(Xj(r-r))+pr^((Xjp)j(F-F'^)). 
Applying lemmata 2.6 and 2.7 leads to 

Theorem 5.1. Let [M^,g,p) be a PSU (3) -structure with characteristic forms T'^,F'^. 
The metric connection V determined by 

g{VxY,Z)=g[vlY,Z] + ^T{X,Y,Z) + [[X^p]^F]{Y,Z), 

r G Ag ® A20 ® A27, FG*A8®*A27 

preserves the PSU(3) -structure if and only if[M^, g, p) is of type Wi®...®W^ and 
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From now on we suppose that [M^,g, p) is of type 

and define the metric connection V^ on [M^, g, p) via 

g{V'xY,Z) = g[V^^Y,Z) + ^T'iX,Y,Z) + [[Xjp)jF')iY,Z). 

This connection preserves the underlying PSU (3) -structure, i.e. V^p = 0. Moreover, 
it is completely determined by V^ and the characteristic forms T^, F*^. Therefore, we 
will call V^ the characteristic connection of (M^, g, p). The respective torsion tensor 
3'^ will be called characteristic torsion of (M^, g, p). 

Corollary 5.1. Let[M^,g,p] be aPSU [3] -structure of typeWi® .. .9W5. The character- 
istic torsion 3''^ of[M^, g, p) vanishes if and only if[M^, g, p] is integrable. Moreover, 
J'^T^O is 

i) totally skew-symmetric if and only if[M^ , g, p) is of type Wi®W2®Wi. 

ii) cyclic if and only if[M^, g, p) is of type W^^Ws. 

iii) not vectorial. 

iv) an element o/Tieo if and only if[M^, g, p) is of type W^. 

The tensor field sd'^ defined by 

sd' [X, Y,Z) = g ( V^ Y,Z]-g ( V| Y, Z) 

= ^ T'iX, Y,Z) + [[Xjp)jF') (7,Z) 

is an element of the space 

^■.= {sdeA^^A^^A^\£d[X,Y,Z)+.s^[X,Z,Y)=0}. 

There exists an 0(8)-equivariant bijection between 21 and % (see [3]) explicitly given 
by 

^' [X, Y, Z) = si" (X, Y, Z) -sd^iY, X, Z) , 
2sd''{X,Y,Z)=3'"{X,Y,Z)-Sr"{Y,Z,X)+Sr'{Z,X,Y). 

Since V^ preserves the PSU (3) -structure, applying lemmata 2.4, 2.7 and 5.1 we have 

Proposition 5.1. The following are equivalent on PSU(3) -structures (M^, g, p) of type 
Wi®...®Ws: 

i) The characteristic torsion 3''^ isV" -parallel. 
ii) The tensor field sd" isV^ -parallel. 
iii) The characteristic forms T'^, F'^ are V^ -parallel. 

If one of these cases holds, we will call [M^,g,p) a PSU(3) -structure with parallel 
characteristic torsion. 

We now intend to compute necessary conditions for the characteristic forms in 
the presence of parallel characteristic torsion. We investigate the differential d'^a 
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and CO -differential d'^a of an arbitrary fc-form a on [h/fi, g, p) with respect to V^, 
d'^a:=J^eiAV'g.a, 5'^a:= -^e/jVg.a. 

i i 

We begin with 

i 
i J 

J 
The formula 

VxaiX,,...,Xk) = XiaiX,,...,Xk))-aiVxX,,X2,...,Xk)-...-aiXi,...,Xt-i,VxXt), 

valid for any covariant derivative V, leads to 

d'aiXo,...,Xk)^Y.^-l)^Xj{a{Xo,...,Xj,...,Xk]]-Y. i-l)j a{v'xXo,X,,...,Xj,...,Xk 

-...- ^ i-l)Ja(Xo,...,Xj,...,Xk-i,V'xXk] 

= J^i-l)JV^^,a[XQ,...,Xj,...,Xk] 
j 

-Y.L^-^y-^'iXj'Xo,ei]-a{ei,X,,...,Xj,...,Xk] 

-...-Y^Y^i-l)J^'[Xj,Xt,ei)-a[Xo,...,Xj,...,Xk-i,ei). 
i^k I 

Therefore, 

[d'a-da){Xo,...,Xk) = Y.Y.^-\Y^^3-'[Xi,Xj,ei)-a[ei,Xo,...,Xu...,Xj,...,Xk). 

Finally we express the right-hand side in terms of the characteristic forms: 
[d'a-da){X^,...,Xk) = Y.Y^{-\y^^[[ei^T')[Xi,Xj] 

I i<j 

-[[eijp)jF')[Xi,Xj]]-ieija)[Xo,...,Xi,...,Xj,...,Xk) 

= -J^[eijT')Aieija)iXo,...,Xk) 
I 

Proposition 5.2. Let [M^, g, p) be a PSU(3) -structure of type Wi® ...®Ws with char- 
acteristic forms T^, F^, and consider a differential form a on [M^, g, p) . Then 

d'^a = da - ^ (e/ j T'^) a (e/ j a) + ^ ((e, j p) j F'') a (e, j a) . 
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We continue with 

5'a{Xi,...,Xk-i) = -Y^%aiei,X,,...,Xk-i) 

i 

= -Y,ei{a{ei,Xi,...,Xk-i)) + Y^a[S!l.ei,Xi,...,Xk-i] 

i i 

+ X^a(e,-,V^.Xi,...,Xfc-i) + ... + X^a(e,-,Xi,...,V^.Xfc-i) 

i i 

= -^Vf.a(e/,Xi,...,Xfc_i) + |^^''(e/,e,,ey)-a(ey,Xi,...,Xfc_i) 

i i,j 

+ Y,-^''{ei,Xi,ej)-a{ei,ej,X2,...,X]c-i) 

+ . . . + ^^'^ [ei, Xjc-i, Cj] ■ a [eu Xi, ..., Xt-2, ej) . 

Since 

^'^ {X,X,Y) = ST'' {Y,X,X) , 

we have 

[5^a-5a){Xi,...,Xk-i)=Y,g'^[ej,ei,ei)-a[ej,Xi,...,X],-i] 

i<j I 

Again, we express the difference in terms of T'^ and F"^: 

[5'a-6a)[Xi,...,Xk-i) = J^Y.[[eijp)jF')[ei,ej)-a[ej,Xi,...,Xk-i] 

i i 

- (eM (h J p) J F^)) (X;) ) • (ey J e,- J a) (Xi, .... Xz, .... Xfc_i) 
= 3((pjF^)ja)(Xi,...,Xfc_i) 

-^(e/j((eyjp)jF'^))A(e/jeyja)(Xi,...,Xfc_i). 



h] 



Proposition 5.3. Let [h/fi, g, p) be a PSU(3) -structure of type Wi® ...®W^ with char- 
acteristic forms r^, F'^, and consider a differential form a on [M^, g, p) . Then 

5^ a = 5a + 3((pjF'^)ja) — El^'-'^y'-' ^'^) ^ (e/jeyja) 



2 m 



The above considerations enable us to conclude the following necessary conditions 
for r^ and F*^ in presence of parallel characteristic torsion: 
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Corollary 5.2. Let [M^, g, p) be a PSU(3) -structure of type Wi® ...®W^ with parallel 
characteristic torsion, i.e. V^r*^ - andV'^F'^ - 0. Then 

dT' = Y.[ei^ T') A (e,j T')-Y,[[eijp)jF') A [ajT'), 

i i 

6T' = -3[{pjF']jT') + Y,{eu{{ejjp]jF']]A[eijejjT'], 
dF' = Y.[^u T') A [eijF')-Y,[[eup)jF') A [ei^F'), 

i i 

5F' = -3[[pjF')jF') + V (e/jeyj T') A [et^ej^F'] 

+ j:{ei4{ej^p]^F')]A{euej^F'). 

hi 

The curvature ^^ of V^, viewed as (4,0) -tensor, satisfies 
S&' {X, Y, Z,V) = g [Vx^Y^ - Vy V^Z - Vlx,Y] Z' V) 

+ £i/' [X,V'yZ,V) - s^' [Y,V'xZ,V) - .^'^ {[X,Y] ,Z,V) . 
Using 

g(v|v^^z,y) = x(g(v^^z,y))-g(v^^z,v|y) 

= g(v|vfz,y) + x(^^(y,z,y))-^"(7,z,vjy) 
= g(v^vfz,y) + x(^^(y,z,y))-^'^(y,z,v^y) 

i 

and 

^^([x,y],z,y) = ^'^(v^y-v^x,z,y)-X^5-^(x,y,e,-)^'(e/,z,y), 

we conclude 

Proposition 5.4. Let [M^,g,p) be a VSU [3] -structure of type Wi® ...eW^. The cur- 
vature tensor ^'^ and the Riemannian curvature tensor ^^ of[M^,g,p) are related 



via 



' {X, Y, Z, V) = M^ [X, Y, Z, V) + Vx-^' [Y, Z, V) - ^^sd" (X, Z, V) 

+ Y^ [3-' {X, Y, a) ^' {Ci, z, V) + sd' {X, V, a) s4' (f, z, a) 

i 

-s4'{Y,V,ei]s^'{X,Z,ei)). 
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In the case of parallel characteristic torsion, we compute 

6x,F,z^' {X, Y, Z,V)=Y, [3-' {X, Y, ei) ST' {ei, Z, V) + ST' ij, Z, ei) ST' {euX, V) 

i 

+Sr'{Z,X,ei)Sr'{ei,Y,V)). 

Corollary 5.3. Let [M^,g, p) be a PSU(3) -structure of type Wi®...®W^ with parallel 
characteristic torsion, i.e. V^T*^ = andV'^F'^ = 0. Then 

ex,Y,zSi'{X,Y,Z,V]=J^{{eijT')-{[eijp)jF'))A 

i 

[[cij Vj r ) - [cij [[Vj p)^F']]] {X, Y, Z) . 

6. Restricting the characteristic holonomy 

The holonomy algebra PioUV^) of the characteristic connection (the characteristic 
holonomy) is a Lie subalgebra of p5u (3) defined up to the adjoint action of PSU (3) . 

Lemma 6.1. Under the adjoint action o/PSU(3), any maximal Lie subalgebra of 
p5u(3) is conjugate to either 

[Resuc(2) =span(a>5,a>6,W7,(y8) 

or 

so (3) = span (oil, 0)4, 0)5). 

The Lie algebra 

suc (2) = span (^5 , (Dq, ojj) 
is the centralizer of 

5u(2) = span [eu + ^24. eu - ^23. eu - e^) 

inside 02 (= spin (7) c so (8) (cf. [16]), which is isomorphic, but not conjugate, to 
su(2). A maximal torus in psu (3) is 

t^ = span (0)7,0)8). 

The 1 -dimensional Lie algebra generated by 0)7 will be denoted by t^ 

Up to a factor, p is the only psu (3) -invariant differential form on [M^,g,p]. Ap- 
plying proposition 5.1 this proves 

Proposition 6.1. Let[M^,g,p] be aPSU [3] -structure of typeWie...eW5 with parallel 
characteristic torsion andljoliV^] = psu(3). Then [M^,g,p) is integrable, i.e. F = 0. 

The space JT ([)) of algebraic curvature tensors with values in P), 

jr ([)):= {^ G A^ ® p) : ex,Y,z^ (X, Y, Z, V)=0}, 
is trivial for t) = UesUc (2) ,so (3). Lemma 5.6 in [4] therefore leads to 
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Proposition 6.2. Let [M^, g, p) be a non-integrable PSU (3) -structure of type 

with parallel characteristic torsion 3''^ . Then its characteristic connection V^ is an 
Ambrose-Singer connection, i.e. 

With [1, 19] we immediately deduce 

Corollary 6.1. Let [M^,g, p) be a simply-connected and complete PSU (3) -manifold 
of type ^1 ® ... ® F with non-zero parallel characteristic torsion. Then [M^,g) is 
homogeneous. 

By lemma 6. 1 P) [(V) c psu (3) is one of 

IR®SUc(2), 5Uc(2), t^, 50(3), t\ 0, 

where denotes the zero algebra. We discuss the first four cases in detail. 
6.1. Thecases[)oUV'') = [R®5Uc(2),5Uc(2),t2. Here, the 4-form 

0:=(p+*(p, := (^246 - 6235 " ^145 " ^136 + ^127 + ^347 + ^567) A gs. 

is globally well defined and V^-parallel. Consequently, [M^,g) admits a Spin(7)- 
structure with fundamental form O. We recall certain facts on these structures. Any 
Spin (7) -manifold [M^,g,^) admits (see [13]) a unique metric connection V'^ with 
totally skew- symmetric torsion t'^ preserving the structure, i.e. 

In Cabrera's description [2] of the Fernandez classification [5] a Spin (7) -structure is 
balanced if and only if the Lee form 

0:=- *(50acD) 

vanishes. Those for which dO = A O holds are locally conformal parallel. 

Theorem 6.1. Let {M^,g, p] be a PSU(3) -manifold of type Fi ® . . . ® F5 with [)o[ (V^) 
one of 

K®5Uc(2), 5Uc(2), t^. 

Then [M^,g,p) admits a Spm{7) -structure (M^,g,0, V'^, f'^) preserved by V^. The 
connection V*^ coincides with V^ if[M^, g, p) is of type #i ® ^ ® F. Conversely, any 
Spin (7) -manifold (M^, g, O, V'^, f'^) with [)0 [ (V'') = K ® suc (2), suc (2) or i^ admits a 
PSU (3) -structure of type WieWz^Tfs with characteristic torsion 
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Proof. There remains to show the second part of the theorem. As [)o[ (V*^) is one of 

K®suc(2), suc(2), i^, 
the 3-form p is globally well defined and V'^-parallel. The latter yields 

(71 (r (X) , p) = v|p = o-i |- ^ (X J r) , p j 

for the intrinsic torsion T of the corresponding PSU (3) -structure. Lemma 2.1 com- 
pletes the proof. D 

We now discuss the case of parallel characteristic torsion, i.e. V^^^ = 0. Proposi- 
tions 5.1 and 6.2 show that 

T'eAleAloeAl-j, F'' e *Al9 ^A^j, S^' : A^ ^ i)oi[y') 

are PioUV^) -invariant. Moreover, by corollary 5.3 we have 

ex,Y,zS^'iX,Y,Z,V)=Y,[[eijT')-[[eijp)jF'))A 

i 

[[eijVjT')-[eij[[Vjp]jF']]]{X,Y,Z). 

We denote by (•) the system of equations described above. 

Theorem 6.2. Let (M^, g, p) be a PSU(3) -structure of type W\® ...®W^ with parallel 
characteristic torsion and [)o[ (V^) one of 

K®SUc(2), 5Uc(2), t^. 

Then [M^, g, p] is of type ^i ® F2 ® F3. 

Proof Assume F'^ ^ 0. Analyzing (•) for the cases [)oUV^) = [R ®sUc(2),sUc(2),t^ 
there exist only one solution, 

r = o, 

F'^ = b (^246 - 6235 " ^145 " Sue + ^127 + 6347 + ^567) A Cg, 
SA'^ = -6 b^ (^67 ® (W5 - 657 i8> We + 656 ® (^7) . 

where b£R\ {0}. Now, proposition 5.4 and the Ambrose-Singer holonomy theorem 
enable us to determine the Riemannian holonomy algebra. Up to the adjoint action 
ofSO(8), we compute [)o[(V^) = psu(3), hence 

= V|p = p, (TiX)) (p) = -ai ((Xjp)jFSp), 

and lemmata 2.1 and 2.4 yield F'^ = 0, a contradiction. D 

We therefore conclude 

V^ = VS T' = T', F' = 0. 

Assume (^oKV^) = [R®5Uc(2). In this case, the following forms are globally well 
defined and V^-parallel 

68, ^8. ^1 := 6246-6235-6145-6136 + 6127 + 6347. </'2:=6567- 
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Solving (•) yields 

T" = ai[(pi + 3(p2) + a2{(i)8 A ea + 3(p2] , 



0, 
1 



-[l a\ + 3a\a2-2 afj oj^ ® coq, 



where ai, a2 g IR satisfy 

5 a^ + 3 ai a2 7^ 0, 7 al + 3aia2-2al^0 

to ensure fioUV'') -Uesuci2). 

Proposition 6.3. Let[M^,g,p) be aVSU [3] -structure of type Wi®...®Ws with parallel 
characteristic torsion and1:)ol (V^) = IR ® suc (2) . Then [M^, g, p) is of type Wi^Ws and 
the corresponding Spm{7) -structure is not locally conformal parallel. 

The fundamental form p can be expressed as 

P = ^1-2^2 + ^8 A 68- 

Using proposition 5.2, we compute the following differentials 

de^ = a2i08> 

dojs = 0, 

d(pi = (7 ai + 3 a2) [e^j * ^i) + 6 ai [egj * ^2) . 

d(p2-ai{e8-i *(pi), 
d{e8j *(pi) = 0, 
d[e8J *(p2) = 0. 
Consequently, several Lie derivatives along cs vanish, 

ife8^8 = 0, i!?e8^i = 0, ^es(P2 = 0, ifeg (^8 J * ^'l) = 0- ^eg (^8 J * ^z) = 0. 

A computation of the Riemannian Ricci tensor yields the following result: 
1 



Ric^ iet) = -[39ai + 18aia2-3a2]ei for / = !,..., 4, 



Ric^(e/) = - (Sla^ +42ai a2 + 9a2) g; for i-5,...,7, 

Ric^tes) -3ales. 

We now restrict to the regular case, i.e. we assume that es induces a free action of the 
group S^. The orbit space n : M^ -^ N is a Riemannian 7-manifold N. There exist 
well-defined differential forms oJs, Tpi and TpzonN such that 

T"" = ai[7pi + 7p^) + i2ai+3 a2) ^, *'(pi = e^j * (pi, *'(p^ = e^JTJp^. 
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Here '* denotes the Hodge operator of N. The 3-form (p:=(pi + (p^ satisfies 

d^Tp = 0. 

Consequently, Nisa cocalibrated G2 -manifold with fundamental form Tp. Any man- 
ifold of this type admits a unique metric connection with totally skew- symmetric 
torsion (see [8]). Since 

rc = -{d'ip,*7p)'(p-*d'ip, 
b 

this connection coincides with V^. The holomy algebra of V^ is suc (2) c 02 if 

7ai +3a2 = 0, 

and IR ® 5Uc (2) c 02 otherwise. Conversely, if {N,g,'(p,V^, T'^) is a cocalibrated G2- 
manifold of this type, then the differential forms Tpi, Tpz and coH exist and dlUs = 
holds. Suppose the equation 

des = azCt)^ 

defines a principal S^ -bundle n : M^ -^ N. Then the manifold M^ admits a PSU(3)- 
structure 

p^n* {Tpi)-2n* {Tp^) + 7i* [aJ^) A es 

with parallel characteristic torsion 

r*^ = ai[n* (^) -I- 3 ;r* (^)) + az [n* [aJ^) Ae^ + Sn* (^)) 

and[)oUV'')c|R®5Uc(2). 

Theorem 6.3. Let (M^, g, p) be a regular PSU (3) -manifold of type Wi® ...®Ws with 
parallel characteristic torsion and 

Then M^ is a principals^ -bundle and a Riemannian submersion over a cocalibrated 
G2-manifold(N,g,'(p,V^,T^) withV^T^ = andi)ol{w] = U®suci2) orsUc(2). The 
Chern class of the flbration n : M^ -^ N is proportional to the form a»8. Conversely, 
any of these flbrations admits a PSU (3) -structure of type Wi^Tfi^W-^ with parallel 
characteristic torsion and characteristic holonomy contained in K ® sUc (2) . 

Example 6.1. There exists a unique simply-connected, complete, cocalibrated G2- 
manifold (N,g,'(p,W,T^) with V^ 7^ = and i)ol{W) = sUc (2) (see [7]). This mani- 
fold is a naturally reductive homogeneous space. Moreover, N = N{1, 1) is a nearly 
parallel G2 -manifold with [)o[ (V^) = IR ® sUc (2), it appears in the classification [9] . 

We now consider the case [)o[ (V^) = sUc (2). The differential forms 
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are globally well defined and V^-parallel. Analyzing (•) yields 

T'' = ai[(pi + 3 (pz) + a2 [cos a eg + 3 ^2) + as i^us - ezss) + «4 (^las + 6243) , 



1 



(5 a^ + 3 ai ttz) (^i's ® 0)5 + a»6 ® we + w? i8> toj), 

where ai, a2, ^3, a4 g [R satisfy 

5 a^ + 3 ai a2 7^ 0, 7 al + 3aia2-2al = - [al + af) . 

Applying theorems 6.1 and 6.2, two torsion forms T^, T^ 7^ of this family define 
equivalent geometric structures if they are equivalent under the action of the nor- 
malizer of HoUV^) inside Spin(7). Without loss of generality, we can therefore as- 
sume as = a4 = 0. 

Proposition 6.4. Let[M^,g,p) be aPSU (3) -structure of type Wie...eW5 with parallel 
characteristic torsion and IjoliV^) =5Uc(2). Then[M^,g,p) is of strict type Wi®Wi, 
Ric^ is positive definite and the corresponding SpiniV) -structure is neither balanced 
nor locally conformal parallel. 

Following the same arguments that lead to theorem 6.3, we obtain 

Theorem 6.4. Let [M^, g, p) be a regular PSU (3) -manifold of type Wi® ...®W^ with 
parallel characteristic torsion and\)o[{V^) -suc{2). ThenM^ is a principals^ -bundle 
and a Riemannian submersion over a cocalibratedGz-manifold iN,g,7p, V^, T'^) with 
Wf^ = and P) 1 [W) = K ® 5Uc (2) . The Chern class ofthefibration n:M^^Nis pro- 
portional to the form ZZJg. 

We now discuss the case of PioUV^) = t^. The following forms are globally well 
defined and V^-parallel 

^7. ^8, W7, 0)8, 2^:= ^246- ^235- ^145 - ^136, Hi := 612 + 634. ^2'-= ^5%- 

Using these, the fundamental form reads 

P = Z + a>7 A gy + (^8 A 68- 

There exist two 5-parameter families of triples {T'^,F'^ ,S^'^) satisfying system (•). 
Quotienting out the action of the normalizer of HoUV^) inside Spin (7), we obtain 
the two 4-parameter families 

T^ = ai Z + ((fli + az) M7 + a^a)^) a e? + [a^ojj - (| ai + az) Ws) a e^, 
F'l = 0, 

^/ = (('^i + CLif - a\ + al) a»7 (8> a»7 + ((ai + az) a-^ - (| ai + az] a^) (0*7 18> a»8 + tos ® W7) 
+ (|ai + a2) - a^ + ag ^8 ® (^8 
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and 

Tjj = {biQ.1 + {bi -3b2]O.2 + b3 0J8] A 67 + (b^coT-bziOs) A ea. 

ph = 0. 

^ jj = [-^bi{bi-3b2] + bl)oj7<SiC()7 + [-^ foa {bi -Sbz)- bz b^) {0)7 18> a>8 + a»8 ® (1)7) 
+ [-\bi {bi - bz) + bl + bl) W8 ® ^8, 
where ai, az, as, a^eR and bi.bz, bs, ^4 g K satisfy 

[{ai + az)^ - al + al] U^ ai + Uz] - of + all 9^ [{ai + az) as - [^ ai + az] a4] , 

[-\bi{bi-2,bz) + bl][-\bi{bi-bz) + bl + bl]^[-\bs{bi-2,bz)-bzbAf. 

To distinguish between these two cases, we will say that 3''^ is of type I or of type II 
respectively. 

Proposition 6.5. Let [M^,g, p] be a PSU (3) -structure of type Wi®...®Ws with paral- 
lel characteristic torsion and ^o[{V^) = i^. Then the corresponding Spm{7] -structure 
[M^, g, <1>) is not locally conformal parallel, it is balanced if and only if 3''^ is of both 
types. 

Assume 3''^ is of type /. With the aid of proposition 5.2, we compute 

de7 = (ai + az) (07 + asCDg, des = a4 0*7 - (3 ai + az) (^8. 

d(x)7 = 0, dcos = 0, 

dl.-4ai (^8-1 * (i^ A gy)) , do. -3ai (es-i S7-1 * ^) . 

where Q := Qi + n2. Therefore, 

and 

sees (^8 J * iO. A 67)) = 0, see, (68 J 67 J * Z) = 0. 

For a regular structure, n : M^ -^ N is a principal S^ -bundle over a 7-dimensional 
Riemannian manifold N. The latter admits differential forms Z, D., 67, Wi and ZZ>8 
such that 

r*^ = aiZ + ((ai + a2) ZZ>7 + as Zu^) /\~e^, 



*"Z= (68-1^7 J *Z) Ae7> 
*" nA?7 = (^8-1 * (^ Ae7)). 

Introducing the form 

^:= Z + n Ae7, 



we obtain 



T^ - - {d7p,T7p)7p -TdTp. 
6 
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Again, we deduce that iN,g,7p, V^, T'^) is a cocalib rated G2-nianifold with V^ T'^ - 0. 
The holonomy algebra of V^ is contained in t^ c 02- G2-structures of this type admit 
two V^-parallel spinor fields W+, W- such that 



The '•' denotes the Clifford product. 

Theorem 6.5. Let [M^, g, p] be a regular PSU (3) -manifold of type Wi® ...®Wr, with 
parallel characteristic torsion 3''^ and [)o[(V^) = t^. Moreover, suppose that 3''^ is 
of type I. Then M^ is a principal S^ -bundle and a Riemannian submersion over a 
cocalibrated Gz-manifold {N, g, Ip, V^, T*^) that satisfies 

V^T^ = 0, [)o[(V^)ct2c02, T^-W^=±AW^, XeU. 

The Chern class of the fibration n : M^ -^ N is a linear combination ofaJ^ andTUg. 

The case of torsion type // is similar. Following the same arguments as in the dis- 
cussion of type /, we obtain 

Theorem 6.6. Let [M^, g, p) be a regular PSU (3) -manifold of type Wi® ...®W^ with 
parallel characteristic torsion 3''^ and [)o[(V^) - i^. Moreover, suppose that 3''^ is 
of type H. Then M^ is a principal S^ -bundle and a Riemannian submersion over a 
cocalibrated Gz-manifold {N, g, Tp, V*^, T'^] that satisfies 

WT^ = 0, [)o[(V^)ct2c02, T^-W^=AW^, AeU. 

The Chern class of the fibration n : M^ -^ N is a linear combination o/Zu? andaJi. 

6.2. The case of PioUV) = so (3). Any 50 (3) -invariant 3-form in Ag ® A2Q ® A\^ is a 
multiple of 

p+16ei45GA27. 

Up to a factor, the only so (3) -invariant 4-form in * Ag ® * A27 is 

*cr+ (p + 16 6145) G * A27. 

Assume V^^^ = 0. This implies 

T^ = a[p + 16 6145) , F^ = b *a+[p + 16 6145) 

for some a,beU and the curvature operator S^'^ : A^ -^ so (3) is so (3) -invariant (see 
proposition 6.2). Moreover, by corollary 5.3 the triple iT'^,F'^,M'^) satisfies 

&x.Y,z^'iX,Y,Z,V)=J^{{eijr)-{{eijp)jF'))A 

i 

{[eijVjT']-[eij[[Vjp)jF')))iX,Y,Z). 

There exist only two solutions, either a 7^ 0, fo = and 

^'^ = -16 a^ {oJi<S) (1)1 + 0)4 1^0)4 + (x)5<S) 0)5) 
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or a = 0,b^O and 

a^^ = -3072 fo^f f ^36 - ^27 - n/3 628] ® wi + UzG + 637 " n/S ess) ® ^4 

+ (e23+2e67)®tD5j 

holds necessarily. The respective Riemannian Ricci tensors are 
Ric«^ = 3a^ diag (49, 33, 33, 49, 49, 33, 33, 33) , 
Ric«^ = -3072 b^ diag (0,8,8,0, 0, 8, 8, 8) . 

Theorem 6.7. Any PSU (3) -structure (M^, g, p) of type Wi® ...®W^ that satisfies 

V^5-^ = 0, [)o[(V'^)=so(3) 
is either of type Wj, and Scal^ > or of type W^ and Scal^ < 0. 
Following [14], let q be the direct sum of so (3) and [R^ and define 

[A + X,B + Y] = [AoB-BoA-^'{X,Y)) + [A{Y)-B{X)-Sr^{X,Y)) 

for all A,B e 50 (3) and X,Y e IR^. The algebraic properties of ST'^ and ^'^ yield in 
both cases that q, with the bracket [•,•], becomes a Lie algebra. If a 7^ 0, this Lie 
algebra is isomorphic to 

5u(3)®su(2). 

Now, let G be the connected, simply-connected Lie group with Lie algebra q. Since 
SO (3) is closed in G, the space 

M^ = G/S0(3) 

is a smooth manifold and the inner product < • , • > of IR^ extends to an SO (3) -invariant 
Riemannian metric g on M^. The canonical connection associated with the reduc- 
tive decomposition = 50(3)®IR^ is an Ambrose-Singer connection with torsion ten- 
sor 3''^ and curvature tensor S^'^ at the origin. 

Theorem 6.8. There exist unique simply -connected and complete PSU(3) -manifolds 
with 

V^5-^ = 0, [)0[(V'')=50(3) 

of type Wi and of type W^. The respective manifolds are homogeneous spaces with 
isotropy group SO (3) . 
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